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Whenever one uses translation invariant mean Green’s functions to describe the behavior in the mean and to
estimate dispersion coefficients for diffusion in random velocity fields, the spatial homogeneity of the transition
probability of the transport process is implicitly assumed. This property can be proved for deterministic initial
conditions if, in addition to the statistical homogeneity of the space-random velocity field, the existence of
unique classical solutions of the transport equations is ensured. When uniqueness condition fails and translation
invariance of the mean Green’s function cannot be assumed, as in the case of nonsmooth samples of random
velocity fields with exponential correlations, asymptotic dispersion coefficients can still be estimated within an
alternative approach using the Itô equation. Numerical simulations confirm the predicted asymptotic behavior
of the coefficients, but they also show their dependence on initial conditions at early times, a signature of
inhomogeneous transition probabilities. Such memory effects are even more relevant for random initial con-
ditions, which are a result of the past evolution of the process of diffusion in correlated velocity fields, and they
persist indefinitely in case of power law correlations. It was found that the transition probabilities for succes-
sive times can be spatially homogeneous only if a long-time normal diffusion limit exits. Moreover, when
transition probabilities, for either deterministic or random initial states, are spatially homogeneous, they can be
explicitly written as Gaussian distributions.
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I. INTRODUCTION

Techniques from classical field theory used to calculate
mean values of passive scalars transported in random veloc-
ity fields and to estimate dispersion coefficients, as for in-
stance, in applications to turbulence �1� or to contaminant
transport in groundwater �2,3�, often assume the translation
invariance of the ensemble mean Green’s function. The cen-
tral role of the one-particle dispersion in predicting the be-
havior in the mean of the transport process �4,5� also relies
on the spatial homogeneity of the mean Green’s function.
Since this property is postulated in many cases �1–3,6�,
specifying the premises which allow rigorous proofs can be
helpful in identifying the limits of applicability of the theo-
retical results.

The Green’s function g�x , t �x0� is the fundamental solu-
tion �Cauchy problem g�x ,0 �x0�=��x−x0�� of the Fokker-
Planck equation

�tg + u � g = D0�
2g , �1�

with space variable drift u�x� which is a sample of a random
velocity field, and a local diffusion coefficient D0 which is
assumed constant in many theoretical investigations. The
Green’s function g is the density of the transition probability
P�dx , t ,x0�=g�x , t �x0�dx of the Itô process,

Xi�t� = x0i + �
0

t

ui�X�t���dt� + Wi�t� , �2�

where i=1,2 ,3, x0i=Xi�0� is a deterministic initial position,
and Wi are the components of a Wiener process of mean zero

and variance �Wi
2�t��=2D0t. The Itô process is a Markov

process �7�, often called Itô diffusion �8�. The process is
completely characterized by its transition probabilities,
which in general are not spatially homogeneous, the only
diffusion processes with space-homogeneous transition prob-
abilities being the Brownian motion with drift and diffusion
coefficients constant in space �9�. An intriguing question is
whether the average with respect to the homogeneous statis-
tics of the velocity field renders the transition probabilities
translation invariant.

Some authors, for instance, Phythian and Curtis �1�, state
that, because of the homogeneous nature of the probability
distribution of the velocity field, the ensemble mean Green’s
function ḡ is invariant to space translations, i.e., ḡ�x , t �x0�
= ḡ�x−x0 , t �0�. More recently, Dentz and Tartakovsky �2�
based their argumentation on the statement that ḡ should be
invariant to translations in space of the statistically homoge-
neous velocity field or, as one can see in the literature
�10,11�, this is equivalent to postulating the translation in-
variance of the mean Green’s function. Within the “usual
setup for homogeneity” formulated by Zirbel �12�, the statis-

tical homogeneity of the displacement X̃i�t�=Xi�t�−x0i, and
implicitly of the Green’s function, can be proved for deter-
ministic initial conditions, homogeneous Eulerian velocity
fields, and unique classical solutions of the transport
equations.

With rare exceptions, e.g., �1�, it is not emphasized that
estimations of mean values by translation invariant mean
Green’s functions are only done for nonrandom initial con-
ditions. Therefore, one might be tempted to assume homoge-
neous transition probabilities for successive states of the pro-
cess describing the mean transport, i.e., translation invariant
mean Green’s functions for random initial conditions. This*suciu@am.uni-erlangen.de
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assumption is, as shown in Sec. IV of this paper, equivalent
in a wide sense with assuming normal diffusion behavior,
described by Gaussian transition probabilities. In fact, we
will see that spatially homogeneous transition probabilities
are rather the exception than the rule. In many situations of
practical interest inhomogeneous transition probabilities are
associated to persistent memory of the diffusion in random
velocity fields.

The paper is organized as follows. After discussing the
conditions for statistical homogeneity properties of transport
observables in Sec. II, a situation where these conditions are
not fulfilled is investigated in Sec. III through approxima-
tions based on Itô equation and numerical simulations.
Memory effects and inhomogeneous transition probabilities
for deterministic and random initial conditions are investi-
gated in Sec. IV. Section V provides concluding remarks.

II. HOMOGENEITY PROPERTIES

The statistical homogeneity of some random function
B�A� is implied by the homogeneity of its argument A only
if B is function of a single variable �13� or if it has a parti-
cular dependence on A. To be specific, within the usual
setup for homogeneity �10–12,14�, the random function is
identified with an element � of the canonical probability
space, A�� ,x�=��x�, and the homogeneity is the measure
preserving property of the shift maps, ��x0

���x�=��x+x0�.
In order for B to be homogeneous it must depend on �
and x0 only through measure preserving shifts, B=B��x0

��
��12�, Remark 2.1.�.

To see that g has the desired dependence on the statistics
of u, let us translate the system of coordinates by x0. Equa-
tion �1� written in the new variables x̃=x−x0,

�tg�x̃,t�0� + ��u�x̃ + x0�g�x̃,t�0�� = D0�
2g�x̃,t�0� , �3�

shows that g depends on velocity statistics only through mea-
sure preserving shifts u�x̃+x0�=�x0

�. If the solution
g�x , t �x0 ,�� to Eq. �1� for the deterministic initial condition
g�x ,0 �x0�=��x−x0� is unique in a classical sense, then it is
identical with the solution g�x̃ , t �0 ,�x0

�� to Eq. �3� for the
initial condition g�x̃ ,0 �0�=��x̃�. Thus, g�x , t �x0 ,��=g�x
−x0 , t �0 ,�x0

�� and the measure preserving property of the
shift �x0

implies the translation invariance of the ensemble
mean Green’s function, ḡ�x , t �x0�= ḡ�x−x0 , t �0�.

We can see that the argument of invariance of the mean
Green’s function to spatial translations of the random field
used in Refs. �2,3� is in fact a postulate of the translation
invariance of the mean Green’s function. Instead, standard
approaches within the usual setup for homogeneity first infer
the equality of the nonaveraged Green’s functions for the
original and for the shifted field from the uniqueness of the
solutions, and then use the homogeneity of the random field
to complete the proof �10,11�. Disregarding the uniqueness
condition and the necessity to use deterministic initial con-
ditions can induce the wrong perception that transition prob-
abilities are spatially homogeneous for arbitrary initial states,
whenever the velocity field is statistically homogeneous or,
as it will be shown in Sec. IV, this is true only in the limit of
normal diffusive behavior if such a limit exists.

The solutions of the Fokker-Planck equation �3� are prob-

ability densities of the displacements X̃i�t�=Xi�t�−x0i, which,
according to Eq. �2�, solve the Itô equation

X̃i�t� = �
0

t

ui�X̃�t�� + x0�dt� + Wi�t� . �4�

If Eq. �4� has pathwise unique solutions, then for every fixed
realization of the Wiener process, the trajectory X�t ;x0� has

the flow property X�t ;x0 ,��−x0= X̃�t ;0 ,�x0
��; hence the

displacement field X̃ is homogeneous �12�. This implies the
homogeneity of the Lagrangian velocity field uL�t ;x0 ,��
=u�X̃�t ;0 ,�x0

���. Conversely, assuming the homogeneity of
the Lagrangian velocity field, Eq. �4� implies the homogene-

ity of X̃. Obviously, translation invariance of ḡ and homoge-

neity of X̃ are equivalent. Concluding, we see that translation

invariance of ḡ and homogeneity of X̃ and uL are equivalent
properties, provided Eqs. �3� and �4� admit unique solutions.
Nevertheless, the last two are more general and hold even if
the coefficients of the Fokker-Planck equation do not possess
the smoothness required to ensure the existence of the clas-
sical solutions �8�, as well as in case of discrete-space pro-

cesses, when the probability distribution of X̃ has no density
�12�.

The discussion above emphasizes the key role of the
uniqueness of the solutions and implicitly of the smoothness
of the velocity samples. When the velocity field has a Gauss-
ian shaped correlation, the velocity samples are analytical
functions �13�. But for exponential correlations, e.g., Kraich-
nan fields consisting of a superposition of a finite number of
random periodic modes �4�, the sufficient conditions for
sample smoothness �i.e., differentiability of the correlation
function at the origin� are not fulfilled �13�. It is generally
accepted that these sufficient conditions can hardly be further
narrowed and they practically coincide with the necessary
conditions �see �13� and references therein�.

Exponential correlations occur in applications when
the velocity is an Ornstein-Uhlenbeck process �15�. For in-
stance, samples of a homogeneous one-dimensional velocity
field with mean zero and correlation function V�x�V�0�
= �1 /2�exp�−�x�� are solutions of the Langevin equation
dV�x�=−V�x�dx+dW�x�. Because the Wiener process scales
as dW	�dx�1/2, the limit of �V /�x for �x→0 does not exist
and V�x� is not differentiable almost everywhere �8�.

Since Lipschitz continuity is a requirement for pathwise
unique solutions to Itô equation �8�, we estimated numeri-
cally the Lipschitz constant ��V� / ��x� for a sample of the
transverse component of the two-dimensional Kraichnan ve-
locity field with exponential correlation used in �4�. Figure 1
shows that the estimated Lipschitz constant behaves simi-
larly to that of the nondifferentiable Ornstein-Uhlenbeck pro-
cess. Similar tests show that, while for Gaussian correlations
the estimated Lipschitz constants are smaller than 0.5, for
exponential correlations they increase with increasing num-
ber of periodic modes. Thus, very likely, the samples of the
exponentially correlated Kraichnan field are not Lipschitz
continuous.
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When Lipschitz continuity does not hold, the proof of
uniqueness for the solutions of the Itô equation �2� fails. As
for the Fokker-Planck equation, it cannot even be written in
the form of Eq. �1� for divergence-free velocity. Hence, the
approximation methods based on Eq. �1� cannot be used for
exponentially correlated velocity fields. If instead of classical
solutions of the Fokker-Planck equation one looks for weak
solutions, e.g., by using discrete operators �11�, then the for-
malism has to be modified in major ways.

III. APPROXIMATIONS OF DISPERSION COEFFICIENTS

In the following it will be shown that even if the velocity
samples do not possess the smoothness required for unique
solutions, the Itô equation can still be used to approximate
the leading terms in the expansion of the dispersion coeffi-
cients for small variance �2 of the velocity field. To this end
we write Eq. �2�, for x0=0, in nondimensional form,

Xi�t� = �i,1t + ��
0

t

ui�X�t���dt� + Pe−1/2 Wi�t� , �5�

where Pe=U� /D0 is the Péclet number, �=� /U describes
the velocity fluctuations, U= �ū� is the modulus of the mean
velocity, and �=�11 is the correlation length of the velocity
field in the mean flow direction. We used the scaling rela-

tions X̂i=Xi�, t̂= t� /U, ûi=�i,1U+�uiU, and Ŵi=Wi�Pe−1/2

�with hats for dimensional quantities� �16�. The diagonal dis-
persion coefficients are defined by the long time limit of
Dii�t�= 1

2d	ii�t� /dt, where

	ii�t� = ��Xi�t� − �Xi�t���2�

are the second centered moments of the ensemble mean con-
centration �5�. With the order of magnitude hypothesis
Pe−1/2=�
, from Eq. �5� one obtains

Xi�t� − �Xi�t�� = ��
0

t

vi�X�t���dt� + �
Wi�t� , �6�

where vi�X�t���=ui�X�t���− �ui�X�t����. For statistically ho-
mogeneous Lagrangian velocity ui�X�t���=0 and vi�X�t���
=ui�X�t���. Consequently, the cross correlations

�Wi�t�vi�X�t���� = �Wi�t�ui�X�t����

vanish. By averaging the square of Eq. �6� and taking the
time derivative one obtains the dispersion coefficient as an
exact sum of the local dispersion coefficient and the contri-
bution of the Lagrangian velocity correlation,

Dii�t� = �2
 + �2�
0

t

�ui�X�t��ui�X�t����dt�. �7�

Compared with equivalent representations of dispersion
coefficients derived by methods of classical field theory
�1,2�, Eq. �7� has a straightforward physical interpretation: it
is a Kubo formula relating dispersion coefficients to velocity
correlations. The convergence of the integral in Eq. �7� for
t→� ensures finite correlation times �ii of the Lagrangian
velocity, which correspond to the criterion for diffusive limit
formulated by Fannjiang and Komorowski �14�.

Equation �7� generalizes the additivity relation occurring
in diffusion limit theorems �14,17� and in formal first-order
approximations in �2 �16�. The latter can be derived from
Eq. �7� for trajectory Eq. �5� written in vectorial form X�t�
=X�0��t�+��X�t�, with X�0��t�= �t ,0 ,0�, by formally expand-
ing ui as

ui�X� = ui�X�0�� + �ui��X
�0���X , �8�

where ui� denotes the Fréchet derivative. Then, assuming

�1, Eqs. �7� and �8� yield the following asymptotic behav-
ior �t→��:

Dii 	 �2
 + �2�ii
�0� + �4F�ui�X�0��,ui��X

�0��� + ¯ , �9�

where �ii
�0� are the Lagrangian correlation times and F is a

functional of the Lagrangian velocity and of its Fréchet de-
rivative evaluated along the unperturbed trajectory X�0�. If
the velocity samples are bounded and are at least Lipschitz
continuous, then F can be constructed by using integral rep-
resentations of functionals of Itô processes �see, e.g., �18�
and references therein�. This could be a promising alternative
to higher-order approximation methods based on the Fokker-
Planck equation �1,2,6�.

The correlation time �ii
�0� in Eq. �9� is the long time limit

of the integral in Eq. �7� evaluated for X=X�0� and corre-
sponds to the well-known consistent approximation by the
first iteration of the Itô equation �5� about the mean flow
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FIG. 1. Behavior of the estimated Lipschitz constant as function of �x for a sample of the Ornstein-Uhlenbeck process �left� and a
Kraichnan velocity sample with exponential correlation generated with 6400 random periodic modes �right�.
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trajectory �16�. To the first order, vi�X�0��t��
ui�X�0��t�� and
Eq. �7� holds true for integrable velocity samples �condition
required for the existence of the first-iteration solutions to
Eq. �5��. No Lipschitz or other smoothness assumptions are
necessary. Such weak conditions are fulfilled not only by
exponentially correlated fields but also by � correlated white
noise in space velocity fields. For velocity fields with finite
correlation range, the existence of �ii

�0� is implied by the fi-
niteness of the correlation lengths �ii and the first-order ap-
proximation in Eq. �9�, reverted to dimensional variables,
reads

Dii 	 D0 + �2�ii/U . �10�

If the Itô equation �5� is iterated once about the trajectory
of the diffusion with drift equal to the mean flow velocity
Z�0��t�=X�0��t�+�
W�t�, Eq. �7� yields

Dii�t� = D0 + �
0

t

dt�� � ui�x�ui�x��p�x,t;x�,t��dxdx�

�11�

where p�x , t ;x� , t��= ���x−Z�0��t����x�−Z�0��t���� is the
Gaussian joint probability density of the diffusion process
Z�0��t�. This inconsistent approximation, which considers the
contribution �
 in the zeroth order Z�0�, leads to the same
asymptotic behavior as in Eq. �10� and, in addition, it ac-
counts for enhanced diffusion in single realizations of the
velocity field �Eq. �11� without overbar�, not accounted for
by the consistent approximation �16�.

Going beyond formal expansions, limit theorems prove
the weak convergence �
→0, t→�, and 
2t=const� of the
rescaled process Xi

��t�=�Xi�t /�2� to a diffusion process with
coefficients given by Eq. �10� �14,17�. Since the proof given
in �14� does not assume smooth velocity fields, one expects
that the upscaled diffusion process also exists in case of ex-
ponentially correlated velocity fields.

Figure 2 presents some results of the numerical experi-
ment described in �4,5�. For the transport parameters used in
simulations, Eq. �10� gives the asymptotic dispersion coeffi-
cients D11 /D0=11 and D22 /D0=1 �because, by the construc-
tion of the Kraichnan field, �22=0�. Several initial instanta-
neous injection conditions were considered: point sources
and injections in slabs with dimensions of � times 100�,
oriented parallel and transverse to the mean flow direction.

The simulations were carried out for an ensemble of 1 024
realizations of the Kraichnan velocity field, generated with
6 400 modes, by simultaneously tracking in each realization
1010 particles with the global random walk algorithm �19�.
For these parameters, fairly larger than those used in previ-
ous simulations for similar problems �e.g., �2��, numerical
tests indicated the reliability of the statistical estimates of the
second moments �4�. The long time behavior of the slope of
	ii�t� shown in Fig. 2 confirms the asymptotic dispersion
coefficients �Eq. �10�� predicted by formal expansions and
diffusion limit theorems. As one can see in Fig. 2, at finite
times there is a significant dependence on initial conditions
of the second moment 	ii�t� of the mean concentration,
which, as shown in the next section, provides a numerical
evidence for the spatial inhomogeneity of the mean Green’s
function.

IV. DETERMINISTIC VERSUS RANDOM
INITIAL CONDITIONS

The second moment of the mean concentration is the vari-
ance of the process X�t� defined by the ensemble of the
diffusion trajectories �Eq. �2��, starting from all the initial
positions, in all the realizations of the velocity field, 	ii�t�
=var�Xi�t��=E��Xi�t�−E�Xi�t���2�, where E�¯ �= �¯ � de-
notes the expectation, �¯ � is the average over the realiza-
tions of the Wiener process and over the initial distribution,
and the overbar denotes the average over the realizations of
the velocity field. For any specified distribution of the initial

positions X�0�=X0, the variance of the sum Xi=X0i+ X̃i is
obviously given by the sum of the variances of the terms plus
two times their covariance

	ii�t� = 	ii�0� + 	̃ii�t� + mii�t� , �12�

where 	ii�0�=var�X0i�=E��X0i−E�X0i��2� is the variance of

the initial positions, 	̃ii�t�=var�X̃i�t��=E��X̃i�t�−E�X̃i�t���2�,
and

mii�t� = 2E��X0i − E�X0i���X̃i�t� − E�X̃i�t���� , �13�

is the covariance term mii=2cov�X0i , X̃i�, which carries the
memory of the initial conditions and, therefore, has been
called “memory term” �4,5�.
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FIG. 2. Time behavior of the dispersion coefficients, represented as mean slopes of the longitudinal �left� and transverse �right� second
moments of the ensemble mean concentration.
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To further analyze Eqs. �12� and �13�, we note that

E�X̃i�=EX0
�E�X̃i �X0��, where EX0

is the average over the ini-
tial positions and

E�X̃i�X0��t� =� �xi − x0i�ḡ�x,t�x0�dx

is the conditional expectation. Were the mean Green’s
function invariant to spatial translations, ḡ�x , t �x0�
= ḡ�x−x0 , t �0�, the averages E�X̃i �X0�, E�X̃i

2 �X0�, and 	̃ii
would be independent of X0, mii
0 and, as follows from Eq.
�12�, �	ii�t�−	ii�0�� would not depend on the initial condi-
tions. The disagreement with the numerical results presented
in Fig. 2 indicates that the transition probability ḡ�x , t �x0�dx
depends on x0 and the displacements X̃i=Xi−X0i are corre-
lated with the deterministic initial positions X0i; that is, mii
�0.

While the memory terms necessarily vanish if the transi-
tion probability is spatially homogeneous, the converse is not
always true. For deterministic initial conditions X�0�=x0 and
singular initial distributions we have x0i=E�x0i� and, accord-
ing to Eq. �13�, mii=0, but this does not imply the homo-
geneity of the transition probability. As shown in Sec. II, this
is true if and only if the displacements and the Lagrangian
velocity field are statistically homogeneous, properties that
can be proved for deterministic initial conditions, if the ex-
istence of unique solutions of Itô or Fokker-Planck equations
is ensured. If the process X has finite mean and variance at
finite times, then it is equivalent in the wide sense, as far as
second moments are concerned, with a Gaussian process
�7,13�. Hence, the translation invariant Green’s function
ḡ�x−x0 , t �0� for deterministic initial conditions can be given
the explicit form of the space-homogeneous Gaussian transi-
tion probability with mean ūt and covariance 2
0

t Dij�t�dt,
where, because the Lagrangian velocity is statistically homo-
geneous, the dispersion coefficients Dij�t� �Eq. �7�� do not
depend on x0.

When considering transitions between states at arbitrary
times t1� t2� t3, we are no longer in the frame of the usual
setup for the statistical homogeneity. Even if X�t1� were a
deterministic initial position, X�t2 ,�� would depend on the
velocity statistics, and when calculating the displacement
X�t3 ,��−X�t2 ,�� we would have under the integral in Eq.
�4� a velocity field with spatial argument translated by the
random quantity X�t2 ,��, which is no longer a measure pre-
serving shift. Nevertheless, random initial conditions that re-
sult from the evolution of the process may often occur in
applications, as for instance, in modeling contaminant trans-
port in hydrogeophysical environments, where in most cases
only states of the system after the beginning of the contami-
nant event are available from observations �20�.

For t1� t2� t3, similar to Eq. �12�, we have

	̃ii�t1,t3� = 	̃ii�t1,t2� + 	̃ii�t2,t3� + mii�t1,t2,t3� , �14�

where

	̃ii�t1,t3� = var�Xi�t3� − Xi�t1�� ,

	̃ii�t1,t2� = var�Xi�t2� − Xi�t1�� ,

	̃ii�t2,t3� = var�Xi�t3� − Xi�t2�� ,

mii�t1,t2,t3� = 2cov��Xi�t2� − Xi�t1��,�Xi�t3� − Xi�t2��� .

The memory term mii�t1 , t2 , t3� vanishes if and only if

E��Xi�t2� − Xi�t1���Xi�t3� − Xi�t2���

= E�Xi�t2� − Xi�t1��E�Xi�t3� − Xi�t2�� .

Hence, if mii�t1 , t2 , t3�
0 the X�t� process has uncorrelated
increments. This is necessarily the case if the transition prob-
abilities are spatially homogeneous and the increments of the
process are independent. Conversely, if the memory terms
vanish for arbitrary successive times, the process has uncor-
related increments and, as shown by Doob ��7�, Theorem
II.3.2�, there exists a Markov process with independent in-
crements and spatially homogeneous transitions probabili-
ties, a wide sense version of X�t�, which is precisely the
Gaussian process with the same first and second moments.
Thus, if the memory terms vanish for arbitrary successive
times, the transport processes are wide-sense versions of
Gaussian processes with spatially homogeneous transition
probabilities. As follows from Eq. �14�, vanishing memory
terms and spatially homogeneous transition probabilities are
also equivalent with the additivity of the variance of the

increments 	̃ii with respect to nonoverlapping time intervals.
This is obviously the case of the normal diffusion process
with variance linear in time.

We note that the conclusions drawn from Eq. �14� are not
limited to processes of diffusion in random fields but apply
as well to discrete-time processes �5� or to the Itô process
described by Eq. �2� for a fixed realization of the velocity
field. In the latter case, as shown by Aït-Sahalia �9�, we have,
in addition, the stronger result saying that the only diffusion
process �Eq. �2�� with space-homogeneous transition prob-
abilities are Brownian motions with constant drift and diffu-
sion coefficients. It follows that in the general case with
space variable drift the Markovian Itô diffusion has memory
and inhomogeneous transition probabilities. Memory effects
associated with correlated Markov processes also occur in
the study of recurrent and extreme events, where the absence
of memory correspond to the limit of independent identically
distributed random variables �21�. Non-Markovian processes
described by generalized Langevin equation �22�, by diffu-
sion equations with memory �23�, or by fractional diffusion
equations �24� are necessarily affected by memory, because
the transitions between states of the process depend explic-
itly on past history and the corresponding probability densi-
ties cannot be spatially homogeneous. In such cases, the nor-
mal Markovian diffusion process without memory can,
however, be obtained asymptotically if the temporal memory
kernel and the colored noise have finite time scales �22,23�.

The memory term from Eq. �14� is explicitly given by the
Itô equation �Eq. �2�� as a functional of the Lagrangian ve-
locity covariance �5�,
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mii�t1,t2,t3� = 2�
t2

t3 �
t1

t2

cov�ui�X�t���,ui�X�t����dt�dt�.

�15�

As follows from Eq. �15�, the memory terms cannot vanish
for arbitrary successive times and, consequently, the transi-
tion probabilities cannot be spatially homogeneous during
the entire evolution of the process whenever the Lagrangian
velocity has nonvanishing covariances. In the case of diffu-
sion in random velocity fields with short-range exponential
correlation considered in the numerical example from Sec.
III, the long-time limit of the memory terms �Eq. �15�� van-
ish �5� and, since there are finite limits of the dispersion
coefficients �Eq. �10��, one expects that the process X�t�
tends toward a Markovian Gaussian diffusion process
�14,17� with linear variance, independent increments, and
spatially homogeneous Gaussian transition probabilities.
However, at finite times the process remembers its past itin-
erary �nonvanishing memory terms �Eq. �15���, as well as the
deterministic initial conditions �see Fig. 2�, and the transition
probabilities are spatially inhomogeneous.

Indefinitely persistent memory is a characteristic of the
fractional Brownian motion introduced by Mandelbrot and
van Ness, which has an infinite span of interdependence be-
tween the increments of the process �25�. Successive gener-
alizations of this process to integrals with respect to frac-
tional Lévy motions were recently used by Marquardt �26� to
construct stationary processes with continuous paths and
long memory, characterized by power-law correlations. As-
suming that statistically homogeneous velocity fields with
power law correlations and continuous samples can be simi-
larly constructed, we investigate in the following their im-
pact on the transition probabilities of the transport process by
using the first-order approach presented in Sec. III.

Even if there is no physical length scale for power law
correlations, a finite spatial scale of the observation, �, can
be used to define the Péclet number and the small parameter
�=Pe−1/2=O�� /U� so that, for small velocity fluctuations
and advection dominated problems, the first iteration of the
Itô equation about the mean flow trajectory �Sec. III� ap-
proximates the leading terms of the dispersion coefficients.
Since in this consistent approximation the Lagrangian veloc-
ity covariance is sampled along the deterministic mean tra-
jectory X�0��t�= �t ,0 ,0�, the Kubo formula �Eq. �7�� can
be evaluated exactly for a power law Eulerian covariance
cov�ui�x1� ,ui�x2��=�2�1+ �x1−x2� /��−� with 0���2. If �
�1 the time integration of Eq. �7� yields the dimensionless

variance 	̃ii�t2− t1�=2�t2− t1�+��1+ �t2− t1��2−� of the incre-
ment Xi�t2�−Xi�t1�, where �=2�1−��−1�2−��−1. The
memory terms can be estimated to the first order either from
Eq. �15� or by using Eq. �14� and they obviously behave for
large times as mii	 t2−�.

Since the consistent first-order approximation of the sec-
ond term in the Itô equation �Eq. �2�� does not depend on
the Wiener process Wi�t�, the contribution of the velocity
field can be analyzed separately by considering the centered
process Yi�t�=�−1/2�Xi�t�−E�Xi�t��−Wi�t��. For 0� t1� t2
and Xi�0�=0, the two-time correlation can be expressed as

E�Yi�t1�Yi�t2��= 1
2mii�t1 , t2�+E��Yi�t1��2� and from Eq. �14�

one obtains the long time behavior

E�Yi�t1�Yi�t2�� 	
1

2
�t1

2−� + t2
2−� − �t2 − t1�2−�� ,

which corresponds to a fractional Brownian motion �25–28�
with Hurst coefficient H=1−� /2, 0�H�1, H�1 /2, and
variance E��Yi�t��2�	 t2H. Long-range correlations of the ve-
locity field with exponent 0���1 �26� induce a superdif-
fusive behavior of Yi, with 1 /2�H�1, which dominates the
linear term 2t of the Wiener process at all times; hence Xi�t�
is also a superdiffusion process. For 1���2, Yi�t� is sub-
diffusive with Hurst coefficient 0�H�1 /2 and the linear
term 2t dominates the long time behavior of Xi�t�. For the
value �=1, which separates the super- and subdiffusive re-
gimes induced by power law correlations, the integral in Eq.
�7� can again be evaluated exactly and one obtains
E��Yi�t��2�	�t ln t− t�, which is no longer a power-law de-
pendence. As follows from Eq. �14�, the memory terms of
the process Xi�t� coincide with those of the process Yi�t� with
nonlinear variance and are nonvanishing at all times and for
the whole range of exponents, 0���2. Consequently, the
transition probabilities for diffusion in random velocity fields
with power law correlations are spatially inhomogeneous.
The subdiffusive case �0�H�1 /2� with linear long-time
behavior of the variance and non-vanishing memory terms
shows that using only the criterion of linear variance may be
misleading in discriminating between normal and anomalous
diffusion �see also �24�, where a similar behavior is produced
by the competition between subdiffusion and Lévy flights�.
These theoretical considerations are also supported by a re-
cently reported numerical evidence of non-Markovian effects
for one-dimensional fractional Brownian motions with 0.1
�H�0.9 �28�.

It is useful to remark that the fractional Brownian motion
behavior of the transport process described by the Itô equa-
tion �Eq. �2�� is not necessarily a consequence of power law
correlations of the Eulerian velocity field. A simple example
is the two-dimensional perfectly stratified aquifer model of
Matheron and de Marsily, consisting of particles driven by a
normal Brownian motion and a random longitudinal velocity,
function of only the transverse coordinate and with a short-
range correlation �29�. Multiple visits of diffusing particles
across different layers with constant velocities produce a La-
grangian velocity field with long-range correlation of expo-
nent �=1 /2 �5,29�. Thus, the longitudinal dispersion coeffi-
cient �Eq. �7�� can be computed exactly and one obtains a
fractional Brownian motion with Hurst coefficient H=3 /4.
For a �d+1� dimensional generalization of the model, one
retrieves the subdiffusive regime of Y1 if d�2, and the t ln t
behavior if d=2 �27�.

V. CONCLUSIONS

We have shown that statistical homogeneity of Green’s
function, displacement field, and Lagrangian velocity are
equivalent properties which hold for homogeneous Eulerian
velocity fields and unique classical solutions of the transport

NICOLAE SUCIU PHYSICAL REVIEW E 81, 056301 �2010�

056301-6



equations under deterministic initial conditions. When the
uniqueness condition fails, as for instance in case of expo-
nentially correlated velocity fields with nonsmooth samples,
formal expansions of the dispersion coefficients based on
postulated homogeneity of the Green’s function cannot be
used. However, dispersion coefficients can still be estimated
from the first iteration of the Itô equation about a solution
independent of velocity statistics. Numerical simulations
show that after a transitory regime characterized by depen-
dence on initial conditions, indicative of statistical inhomo-
geneity of the mean Green’s function, the dispersion coeffi-
cients reach the predicted asymptotic values.

The usual homogeneity setup no longer applies to random
initial states which are the result of the past evolution of the
process so that in this case we should refer to transition prob-
abilities rather than to Green’s functions, which are usually
associated with deterministic initial conditions. We have
shown that, as far as second moments are concerned, spatial
homogeneity of the transition probability for successive tran-
sition times is equivalent to vanishing correlations of the
increments of the transport process. With the possible excep-
tions of transitions from deterministic initial states, in case of

sufficiently smooth velocity samples, the increments are cor-
related and the transition probabilities are spatially inhomo-
geneous as long as the Lagrangian velocities of the diffusing
particles are correlated. For power-law correlations, the
memory effects manifested by spatially inhomogeneous tran-
sition probabilities persist indefinitely. For short-range corre-
lations instead, the memory of the initial positions is lost and
the transition probabilities tend in the long-time limit to spa-
tially homogeneous Gaussian distributions.
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